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SUMMARY 
Turbulence is defined as a random motion which occurs in 
fluid flows . The randomness is of such nature that the velocity at 
one instant is still correlated with that in the next and in decreasing 
amounts at succeeding instants. An im[X>rtant characteristic is 
that the energy in turbulence is distributed over a hierarchy of sizes. 
A distinction is thus made between turbulence and vortex motions, 
which do not have these characteristics although they tend to break 
down to form turbulence. The technical meanings of intensity and 
scale for characterizing turbulence are identified. The consider-
ation of the production, convection, and diffusion, and dissipation 
(transfer to heat) of the turbulence energy by various fluid dynamic 
actions is introduced and some information is presented on the 
character of turbulence in a few typical flows (behind grids, in boun-
dary layers and pipe flows, and in jets). Use of the momentum-
transfer mixing-length model used to acquire technological solutions 
to the mean flow problems of turbulent motions is presented with 
an indication of the results obtained. 
This report is an introduction to turbulence for engineers 
and researchers in technical fields where turbulent motions are 
encountered. Many of those for whom this is written have had 
little contact with advanced fluid mechanics and little opportunity 
to delve far into the mysteries of turbulence. And yet they need 
some understanding of our modern scientific concepts of the 
nature of turbulence as well as an introduction to the terminology 
conventionally employed in this field. Some basic knowledge of 
fluid mechanics is presupposed, however. Since this report was 
prepared, a more erudite discussion with an indication of current 
research avenues in turbulence has been presented by S. Corrsin 
("Turbulent Flow," The A_1P~rica!!_SS.k11tist, Vol. 49, pp. 300-- 323). 
Additional general references on turbulence are listed at the end 
of this discussion . 
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I . DEFINITION OF TURBULENCE 
The ordinary dictionary definition of turbu-
lence as a state or condition of being violently dis-
turbed is much too inclusive for use in technical 
considerations of this more common type (as op-
posed to lamina r-viscous) of fluid motion. Perhaps 
the most generally accepted technical definition is 
one which Th. Von Karman• quoted from G. I. Tay-
lor in 1937. Where two such eminent authorities in 
the field agree, one can but follow. "Turbulence is 
an irregular motion which in general makes its ap-
pearance in fluids, gaseous or liquid, when they 
flow past solid surfaces or even when neighboring 
streams of the same fluid flow past or over one an-
other. " As Karman noted "the emphasis in this def-
inition lies in the word irregular." Taylor said fur-
ther "the actual motion is usually so irregular that 
ve ry little is known of its details." More recen tly, 
in 1953, another expert, G. K. Batchelor pointed 
out 0 that the distinguishing feature of turbulence in 
a flow is that "the velocity at any given time and 
position is not found to be the same when it is mea-
sured several times under seemingly identical con -
ditions .... the velocity takes random values 
wh ich are not determined by the ostensible, or con -
trollable, or "macroscopic" , data of the flow, al-
though we believe that the average properties of the 
motion are de term ined uniquely by the data .... " 
An essential feature of turbulence is the fact 
that the motion is random. It is continuous, how-
ever, in the sense that for very short time intervals 
there is a distinct correlation between velocity mea-
sured at a point and that measured at the same point 
a short time inte rval later or before. This feature 
is appa rent in the velocity versus time plot of Fig-
ure l. The lack of periodicity or the randomness 
is essen tial. Thus, vortex motions are not included 
in the technical definition of turbulence, although 
they are often the origin of turbulence. The wake 
behind a body moving in a fluid may initially consist 
of a sepa rated or discontinuous flow region. The 
surfaces of separation roll up into vortices, which 
appea r as vortex streets. Alternatively the Karman 
vortex street appears to be formed right behind the 
body. It is only after the flow has progressed for 
some distance from the body that the vortices decom -
pose slowly into the random motion of turbulence. 
This is in spite of the fact that, qualitatively, tur-
bulence is described as a hierarchy of eddies moving 
a long with the mean motion. 
•• 
Journal Royal Aeronautical Society, December 
19 7. 
The Theory of Homogeneous Turbulence, Cam-
bridge University Press, 1953, p. l. 
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Another feature of turbulence is the hier-
archy of scales, loosely termed eddies - - with a 
transfer of kinetic energy down the scales from 
the larger to the smaller. The energy is dissi-
pated, or transferred into heat via the action of 
viscosity at the smallest scales, i.e. by the smal-
lest eddies. The energy is extracted from the 
mean flow by the large scales or eddies so as to 
maintain the overall turbulence structure constant. 
To quote a ditty attributed to L. F. Richard so n 
and well known in the turbulence field, 
"Big whirls have little whirls 
Which feed upon their velocity 
Little whirls have smaller whirls 
And so on to viscosity." 
The term whirl is used as synonymous with eddy, 
meaning (in re turbulence) an irregular type of 
rolling motion which would be termed a vortex if 
it were not random in time and space. No precise 
definition of an eddy is possible s ince it is merely 
a concept - - albeit a most useful one. 
Turbulent flows ma y be classified according 
to their homogeniety and isotropy as we ll as by the 
manner in which they occur. Even though some of 
the r e levant terms have not, as yet, been defined 
here, it seems appropriate to introduce at this 
point such classifications of turbulent flow s. Tur-
bulence is defined as homogeneous when its scale 
and intensity are independent of coordinate position. 
It is further defined as being isotropic when these 
characteristics are independent of direction - - thus 
the intensity of the turbulent fluctuations are the 
same in all directions. The various classes of tur-
bulent flows are indicated in Table l. Follow ing 
considerations introduced in a late r section, it 
turns out that there are quite s ignificant differences 
between the turbulence production and dissipation 
in th e several flow classifications. As indica ted in 
the table, homogeneous isotropic turbulence is ap-
proximately realized in at least two kinds of flows. 
The more intensively studied of these is that of air 
tunnel turbule nce. Much of the development of the 
statistical theory of turbule nce s tems from the 
s tudy of the turbulence found behind grids or 'screens 
in air tunnels and affecting the drag of mode ls tested 
therein. This turbulence is only approximately 
homogeneous since it slowly decays with distance 
from the producing grid. 
Turbulence resulting from the action of tur-
bulent shear on mean velocity gradients is much 
more common - - and more complicated. The sim -
plest shear flow turbulence is produced in plane 
Couette flow a nd was dubbed "homologous" by von 
Karman in 1937, since the turbulence is homogeneous 
when the shear and velocity gradients are constant. 
The present author has had some success in pro-
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Table l 
Turbul ent Flow Classifications 
Occurrence Energy Considerations 
Transve rse I Type of Flow Production Motion Dissipation 
A. Homogeneous 
l. Iso tropic a . a ir tunne l (decay ing) 0 0 0 ( s low 
b. wide open channe l* decay) 
(two-dimensiona l a spec ts**) 0 0 0 
c. approx. in center r egion of 
conduits 0 0 0 
2. Homologous 
a. plane Couette flow*** pr. =dis. 0 pr. =dis. 
a constant shear flow, 
as by one plane shearing 
parallel to another 
B. Nonhomogeneou E General Shear Flows 
(and a nisotropic) (shear varies) 
a. fully developed pipe flow production convection dissipation 
and flat plate boundary a nd 
layers (invariant in flow 
direction) I 
diff11 s ion 
b. most general case -- production convection dissipation 
adverse pre ssure gradient and 
flows diffusion 
-
* in plane; produc tion, e tc ., occurs norma l thereto. 
** see G. T. Orlob in Proceed ings ASCE, Journa l Hydraulics Division , Se pte mbe r 1959, p. 75. 
*** see Th. von Karman in Journal Aeronautical Scie nces, Vol. 4 ( 1937), p. 13 1. 
ducing homologous turbulenc ef. More common 
shear flows, as in pipes or boundary laye r s are 
strong ly anisotropic a nd nonhomoge neous . In fully 
deve loped fl ows (i. e . fl ow pattern invariant in flow 
direct ion ) the turbule nce, as is the mean fl ow, is a 
functio n only of the la te ral space coord inate. In ad-
verse pressure gradien t fl ows, the turbulence and 
mean-motion c haracteristics vary in the fl ow direc-
tion as we ll. 
Turbulence may be measured indirectly, as 
via diffusion studies (cf. section IX), o r direct ly via 
fast-respo nse velocity in strumentat ion. The common 
instrument i s the hot-w ire a ne mometer; specific 
reference to exper imental techniques in thi s presen-
tation assume s the use of that in:;trument. 
II. REPRESENTA TI ON OF TURBU LENCE 
Di scussion of turbulence doe s not progress 
f cf. Proceed ings 6th Midwest Conference on 
Fluid Mechanics, 1959. 
very far befo re the flu c tuations mu s t be characterized 
and certain represe ntative te rms co me· into use. 
These will be brie fl y ctefined at this point. Due to 
the r ando m nature of th e turbulent motions, analy-
sis a nd so lution of proble m s must :ie in term s of 
the statistical approach. Suc h an approach was in-
a ugurated by Osborne Rey no lds in 1894, when he 
assumed that the fl ow could be divided into tempora l -
mean and turbulent parts, thu::; the velocity co m -
ponent in the mean-flow o r x direction is written: 
u = u + u 
where u =mean velocity part, averaged over a 
rdatively long time period 
u =turbu lent ve locitv fluctuation part 
""' . 
Similarly, in the y direction (transverse to the 
mean flow) and z din.:c tion (no rmal to the xy 
plane) 
v =v+ v and 
The fluctuations and 
w = w + w 
""" 
w are trea ted and 
characterized by statistical techniques. 
The basic equations of turbulent motion were 
derived by Reynolds with the aid of this division in-
to turbulent and mean motions. The above expres-
sions for the velocity components were substituted 
into the general equations of viscous-fluid motion 
(Navier-Stokes equations) and the mean or temporal 
average value taken . With the aid of certain aver-
aging rules, the equations could be written in a 
form similar to the original Navier-Stokes equations 
with but two differences. The velocities all· ap-
peared as mean values, u etc., and the gradients 
of certain new terms appeared. These latter terms 
appear as additional stresses and are now termed 
the Reynolds stresses. The Reyno lds stresses can 
be written in tensor form*, thus: 
T.'. - p~i llj = pui uj IJ 
T ' a' T' T' 
xx x xy xz 
T' T ' = n ' T' yx yy y yz 
T' T ' T' = ()' 
zx zy zz z 
/ 
2 
u UV UW 
2 
- p vu v VW 
-y 
\VU WV w 
where the bar over the product terms means that a 
temporal average is taken and the wavy underline 
indicating the fluctuating quantity is omitted, as be-
ing evident from the connotation**. The symbol p 
represents the fluid mass per unit volume (lb. -
force sec 2 per ft. 4). This is a symmetrical stress 
tensor -- as vu= uv etc. - - so that there are only 
six unknown stresses, but the Reynolds equations 
are still quite intractible. Whereas, in viscous-
laminar motions, it is most difficult to find solu-
tions for three Navier-Stokes equations together 
with the continuity equation when three velocity 
components and a pressure are unknowns, in the 
turbulent case there are still only four equations 
with the same four unknowns plus the additional 
six turbulence unknowns. It is no wonder that tur-
bulent flow problems are so difficult of solution. 
* 
** 
For the present purposes , this form merely 
represents a compact way of indicating the 
nine terms. 
Actually with v= 0 = w application of the 
averaging rules indicates that uv = !l';'.,• etc. 
Thus, uv = (u + u)(V + v) = (u + u) v = Liv+ uv 
=UV as u~ =UV~ and f = 0 by Cfefiniti;n of-
v. 
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Many fluid flow problems are two dimensional*, 
or approximately so, and this permits a simplifi-
cation in expression, which is usefu·l in considering 
turbulence. The presentation and discussion here-
in will be for two dimensional turbulent flows as 
this is complicated enough. In wide rectangular 
conduits or most boundary layer flows, the motion 
may be considered plane two dimensional, with the 
general motion in the x direction and the variation 
in velocity quantities occurring mainly in the y 
direction normal to the planes between which, or 
along which, the flow occurs. Pipe flows (i.e., in 
circular conduits) are axisymmetric two dimen-
sional and are completely described in meridional 
planes passing through the pipe axis. The primary 
independent geometric variable is that in the radial 
direction, either as the radius r or as y, the dis-
tance from the conduit wall. The Reynolds stress 
tensor in plane two dimensional flows is simplified 
to three terms, i.e. 
f
U' T' j x xy 
T' = 
ij T' U' 
xy y 
pu~ j ( 1) 
pv l2 pu puv 
The cross-product term -puv is recognized as the 
turbulent shear stress, or merely the shear stress 
since, except in localized regions, the laminar-
viscous shear stress in turbulent flows is negligible. 
The other two (normal stress) terms play a less 
clearly understandable role as stresses, but are 
nonetheless of great value in describing and inter-
preting turbulence since they represent measures 
of the intensity level of the turbulence. 
Returning to the concept of turbulence as a 
random phenomenon and the use of statistical means 
of representation, one is led to considerations of 
the distributions of the velocity fluctuation magni-
tudes over the range of possible values. The pro-
bability (or amplitude) density function P(u) is used 
to indicate the distribution. This function is an in-
dication of the probability that a given instantaneous 
velocity will lie within an increment 6u of a specific 
value u. Experimental determinations of this func-
tion indicate that it is usually close to the Gaussian 
or normal error distribution, as indicated in Figure 
l. With the ordinate adjusted so that the total area 
under the curve is unity, the normal error distri-
bution has the equation 
* A two-dimensional motion is one whose charac-
teristics are completely described in terms of 
two coordinates. Thus the flow of a fluid about 
or past a cylinder, such as a smoke stack, may 
be depicted on a plane normal to the generators 
of the cylinder, except near the ends of the cylin-
der (top and bottom of stack) where three-dimen-
sional effects appear. In the mid-region the flow 
patterns for a ll planes appear the same. 
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u = u + ~ 
u 
t = time 
22 
er = u 
-3a -2a -a +a +2a +3a 
(u - u) = !;!. 
Figure l. Turbulent Velocity 
l -2 ? P(~) = e- (u - u) /2a- (2) 
u[2 
2 2. \1her~- = u 1s termed the variance and its square 
12 -
root'{ JL = u' the standard deviation of the distri-
bution . The probability density function as shown in 
£igure l is a hat-shaped curve symmetrical about 
u where it attains a value of very close to 0. 40. 
The standard deviation is a measure of the breadth 
of the curve.:_ P(\!) is reduced to half the peak value 
for ~ = u - u values of l. 18a and to one percent 
of the peak value at 3. 04a. Thus, ir,stantaneous 
veloci.ty fluctuations greater than three times the 
standard deviation are not likely. The symbol u' 
1s commonly employed for the root-mean-square 
value of the turbulent velocity fluctuation. Asap-
parent from the discussion in the preceding paragraph, 
this is also the square root of the magnitude of a nor-
mal Reynolds stress divided by the fluid density. A 
similar concept and definition is used for v' and w' 
as related to the other normal Reynolds stresses. 
Since the r. m. s. value of the turbulence velo-
city fluctuation is definite quantity in a given turbu-
lent motion and represents , s uitabl e statistical 
measure of the magn•tude of the fluctuations, it is 
termed the intensity or level of the turbulence. Some-
times the ratio of this value to the mean flow velo-
city (i.e. the relative intensity), is termed the in-
tensity. Also when the turbulence is not isotropic 
the mean value of the three components may be 
used as more appropriate. Thus: 
Turbulence intensity is u' or u '/u 
(u'2 + v'2 + w'2) 
or 1/ u 3 
Which one of these latter two is used depends to a 
great extent upon how many of the turbulent velo-
city components have been measured. 
When the nature of turbulent motion in a plane 
two-dimensional flow is considered, the instantan-
eous velocity vector q is seen to involve a mean 
a nd two turbulence terms,* 
q = q + q u + u + v. 
This situat ion is depicted in Figure 2. 
Each one of the fluctuating velocity components 
satisfies a probability density function, P(u) or 
P(y) as shown. Only in isotropic turbulence are the 
standard deviations u' and v', indicating the 
spread of these two functions, the same. The velo-
city variation is random (although continuous) so 
that a short time later the instantaneous velocity 
wil l have quite a different value than the particular 
one indicated. However, within the one percent 
limits noted on the P function, q will always oc-
cur in the dotted reg10n indicated. 
As implied by the elongated trend of the dotteu 
instantaneous velocity regions, the velocity fluc-
tuation components are generally relateu or, to use 
the statistical term, correlated. As will be demon-
strated in the discussion of the mixing-length model 
of turbulent motion, the correlation is negative 
when a velocity gradient (u = u(y)) occurs so that a 
negative ~ tends to appear with a positive v. If 
the correlation were perfect the dotted regi;;; 
would be a straight line, of slope given by -v'/u', 
but it is not, as indicated by Figure 2. However, 
the existence of correlation is evidence of a turbu-
lent shear stress, while the dashed region is a 
circle (zero correlation) when there is no shear 
anu ve locity gradient as in isotropic turbulent mo-
tions. In statistics the correlation between quan-
tities is indicated in terms of a correlation coeffi-
cient, defined as the mean product of the two var-
iants divided by the product of their standard devi-
ations. Irr the case of u and v the correlation 
coefficient is 
* The x d · rection is conventionally taken as the 
general mean-flow direction, so that v = 0. 
Although w "f 0 even in plane motions, it is 
ignored in this discussion, in the interest of 
clarity 
v 
3 o I , +3 1! u 
x 
Figure 2. Composition of In stantaneous Velocity. 
K= UV ~ 
This is termed the shear correlation coefficient, 
bi11ce - puv is the turbulent shear. In many flows 
this has a value of about one-half. 
I l l. CORRELATION, SCALE , 
AND SPECTRUM 
The corre lation coefficient just defined is only 
one of several utilized in describing turbulence. 
Other correlation coefficients are needed to obtain 
definite measures of the scale of the turbulence. In 
fact, turbulence sca le cannot be defined quantitatively 
except through correlation coefficients. It is first 
necessary to consider just what is meant by scale. 
Qualitatively this implies the size of the eddies 
making up the turbulence. Although these vary in 
size over a considerable range, one can conceive of 
some typical or average size. Actually two specific 
scales will be defined, one representing the size of 
the larger eddies and the other the size of the smal-
ler eddies. These are known as the macro , or in-
tegral scale, and the micro scale. 
In considering a turbulent motion and its effect 
on an object or structure, it is most important to 
compare the scale of the turbulence to the size of the 
body. This is apparent if one considers say, a cir-
cular cylinder in an air stream. This cylinder 
might be the 6-foot diameter stack on a power plant 
or the 1/4 inch diameter radio antenna on a car. 
Eddies of several inches to several feet in scale 
will appear as turbulence to the stack but merely as 
slow variations in speed to the antenna . The motion 
of the air in the atmosphere has various scales de-
pending upon the problems considered. Consider 
for the moment, time rather than length sca les. If 
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a velocity indicating in strument such as an anemo-
meter is placed on the top of a building or tower to 
obtain indications of the turbulence in the atmosphere, 
different results are obtainable depending upon the 
length of observation period. If a one-minute obser-
vation period is employed, a turbulence intensity can 
be evaluated and an apparent mean velocity may be 
identified. If the measurements extend over an 
hour's time, a definite gustiness of the flow appears 
and the one-minute mean ve locity obtained is found 
to vary; in fact it may be taken as a turbulent velo-
city and a new mean velocity defined in terms of the 
60 readings (actually more readings are needed) 
taken at one-minute intervals. This process con-
tinues as the time interval is lengthened. The wind 
speed varies over the period of the day, month, 
season, year, and the definition of turbulence and 
mean velocity is iound to depend upon the period of 
interest and response of the instrument used to mea-
sure it. This situation is obviously relevant toques -
tions of geometric as well as temporal scale, as 
noted in connection with the stack and the antenna. 
In general, the relevant geometric and temporal 
scales are obvious. Thus for a pipe flow, one is not 
usually interested in a period of time so long that it 
includes starting up and stopping the flow through 
the flipe, rather a period of time i s taken during 
which the rate of flow through the pipe is constant. 
Since it is not possible to look at a turbulent 
flow and see the various -sized eddies present* (if 
tbey really exist), some more specific means of 
determining turbulence scale is necessary. This is 
accomplished with the a id of velocity correlation 
measurements. Besides the shear correlation defined 
in the previous section, many kinds of correlation 
are considered in the analysis of turbulence - - double 
(involving two velocities), triple (th ree velocities), 
and multiple correlations, as well as those between 
velocity and pressure. An approach to solving the 
general problems of turbulence is obtained through 
considerations of the relations between these corrc~­
lation coefficients. In this presentation only the sim-
pler double correlations will be introduced. 
Fluid motions are usually considered via the 
Eulerian approach to kinematics in which the occur-
rences at a given point arc noted as fluid streams 
past. Sometimes , particularly in considerations of 
turbulent diffusion, it is more appropriate to utilize 
the Lagrangian approach which considers the dyna-
mics of a fluid particle as it moves through the 
fluid. A Lagrangian double velocity correlation co-
efficient, in terms of the x component of velocity, 
is tl1en defined as 
"' Instantaneous photographs of turbulent flo\\, taken 
both with camera fixed and moving with the fluid 
do seem to sho\\ definite eddies, but these arc 
still difficult of quantitative analysis, in terms of 
defining specific sizes. 
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~t )4 Hit 
,2 
u 
(3) 
\\here u is the velocity fluctuation of a particle at 
some in~ant and u + ~ that of the same particle 
~t ut 
at time lit later. It is assumed that the turbulence 
is homogeneous, i.e., u' is independent of location, 
at least for the short time intervals involved. If 
th e velocity versus time plot of Figure 1 represents 
a Lagrangian measurement, it is apparent by in-
spection that for very short time intervals the cor-
relation coefficient must be unity, while for larger 
times it quickly drops to zero, i.e. R is a fgnction 
of lit. The variation is approximate ly as e - t. 
The correlation just defined might be termed an 
autocorrelation, however more commonly the auto-
correlation· coefficient is defined in the Eulerian 
fashion, by observing sequential values of the velo-
city at a given point as time progresses. The above 
relation for R is still employed except that the 
subscript L (for Lagrangian) is omitted and the 
velocities are measured at a given point as time 
progresses . Where necessary to avoid confusion 
with R the more conventional Eulerian may be 
indicate1a as R , but in general the subscript will 
be omitted. T~ Eulerian autocorrelation coefficient 
Rt is relatively easily found by obtaining a tin 1e 
record of the velocity component fluctuation at some 
point, as indicated in Figure 1, and then picking off 
the velocities. This is a rather laborious procedure 
and, although electronic means using delay circuits 
are possible, the autocorrelation is not often evaluated. 
A more common type of Eulerian correlation 
coefficient measured in turbulence studies is that 
taken between two velocity components at different 
locations. Thus, R represents the correlation 
u,x 
coefficient taken for the u velocity component at 
t\\o different locations separated hy distance x, or 
R 
u,x 
.::x ~+ox ( 4) 
It is again assumed that the r. m. s. value u' is in-
dependent of x at least for the short distances of 
interest. The definitions for R , R , etc . are 
LI, y V, X 
,.,11111lc1 r. As one 1n1ght expect, these correlation 
L· oeffic1ents are funct10ns of tne spdcing iix or iiyat 
which they are measured. Figure 3 indicates the 
mode of variation found. At moderate distances the 
variation tends to follow the negative exponential 
noted previously. Measurement of these spatial, or 
Eulerian, double correlations is commonly achieved 
with a hot-wire anemometer using two probes which 
are separated by the desired distance. Actual cal-
culation of the mean product is accomplished elec-
tronically. 
Inspection of correlation curves in terms of 
the concept of turbulence sca le suggests that their 
extent does form a definite indication of scale. 
However, as apparent from Figure 3, it is not ade-
quate to pick off the point where R reaches zero as 
a measure of the maximum eddy size. Although 
this is indeed what is indicated, the curves tend to 
approach zero asymptotically so that the definition 
is vague. Instead an integral scale, indicating the 
mean eddy size, is defined as the area under a cor-
relation curve, thus 
L =f dx (5) U,X U,X 
with similar definitions for L etc. The area 
u,y 
under the correlation curves are definite even though 
the correlations approad1 zero asymptotically; the 
integral or macro scales of turbulence are thus pre-
cisely defined and represent average eddy sizes 
more appropriately . Integral time scales may be 
defined similarly in terms of the autocorrelation 
coefficient and an integral on dt instead of dx. 
Another turbulence scale is often considered 
and needs to be defined. This is the microscale, 
so termed because it is indicative of the smaller 
eddy sizes present. It is also termed the dissipation 
length because it is intimate ly tied up with the rate 
of dissipation, i.e. the conversion of the turbulence 
energy into heat by viscous action.• Without at-
tempting to prove these statements, it will be noted 
merely that the microscale also is determinate from 
the correlations. For small distances (iix c lose to 
zero) the correlation coefficient curves are approx-
imately parabolic . The size of the parabola is mea-
sured by ;\ as indicated by the dashed line in Figure 
3. A more precise definition of the microscale is 
given by the equation, 
-
1 ___ 2 Limit 
1 
- Rux 1 8U2 
-::-:r- = - (~ 
;\ 2 ii x---o ii x u • 2 x 
The second relation indicated for ;\ is convenient 
to use when only single-probe ve locity measurements 
are made. In such a case, the mean temporal deri-
vative of the turbulent velocity ( i¥- ) 2 is obtained 
with an electronic differentiating c1rcu it. The deri-
vative with respect to x is inferred from this with 
the aid of a relation (known as Taylor's hypothesis) 
concerning the transport of turbulence past the ob-
* It is often stated that ;\ represents the scale of 
the dissipating eddies. Townsend carefully points 
out that the scale of these eddies ;\d is consid-
erably smaller. From his book (1956) (p. 46) it 
:i.ppearE that },d/;\ is approximately 3. 2 ~;\-l /2 
where the turbulence Reynolds number lR = A.u' ,N 
may be high as 200 in shear flows. A. 
-ox 
- e 
·o 
ox or oy 
Figure 3. Typica l Correlation Coefficient Variation 
servation po int. This assumes that,* 
a 
at= -u 
Thus, the definition of the microsca le becomes: 
l 
7 ~-1--( 8u )2 -2 ,2 at u u (6) 
Ju st as there arc several L scales depending upon 
which ve locity components are involved in the cor-
re lation, so are there seve r a l A. sca les . Some of 
these can only be found from the corre lat ions; how-
ever, due to the avai lab ility of electron ic differen-
tiating c ircu itry, A. or A. are more com-
u, x v, x 
monly determined quantities than the macroscales. 
One final item, o f basic import and cons ider-
ation in regard to turbulence, i s that indicating the 
manner in wh ich the ene rgy of the fluctuations is 
distributed amongst the various sized eddies, i.e. 
how it varies with scale. This results in consid-
eration of the turbulence spectrum . Since one may 
consider the assemblage of eddies to be transported 
past the point of measurement (in the usual Euler-
ian system), the spectrum is most co111monly eval-
uated in terms of frequency as in considerat ions of 
the spectrum of sound. This is in contrast to the 
more classical concept of light spectra associated 
with the wave length . Actual ly turbulence spectra 
may be presented as_functions of the frequency n, 
the wavelength A= u/n of motion (corresponding 
to the eddy size ), or the wave number 
* 
k = 2rrn 
u 
2rr 
A 
Experimentally this has been found valid for the 
sma ller eddies but not the larger. 
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0. l 
E u 
n 
7L 
A Turbulence Primer 13 
E u 
n 4 
----;-y:- = 2 2 
u L l+(4T n )L2 
-2 
u 
0.01 
nL/u 
0. 001 0. 01 0. l 10 
Figure 4. Turbulence Spectral Distribution. 
The spectra l function E (or E or E 
n 'A k' 
sim ilar ly) is def ined as the fraction* of the turbu -
le nt e nergy (divided by p/2) occurring between fre-
quencies n and n + on. The integral of this func-
tion over the frequency range is equal to the inten-
sity squared, 
u '
2 
=imE dn 
n 
) 
Turbulence spectra from hot-\vire-anemometer 
ve locity-fluctuation 111easurements arc found with 
the a id of wave or spectru111 analyzers (essentia ll y 
tunable band-pass filters) developed princ ipall y for 
ucoustic purposes. In uir the general runge of fre-
quencies of interest is the " hi-f i" region, or from 
20 to 15, 000 cycles per Sl'cond. In wuter the fre -
quencies ure lower. Figure 4 ind icutcs a typicul 
distribution c:urve presented in dimensionless form 
as a function of a Strauhal number nL/u based on 
the macrosca le of the turbulence. The curve dru11n 
represents the trend of measured experimenta l data 
quite well. 
The spectrum o( turbulence is intimately re-
luted to the correLJtion functions previously int ro-
duced. In fact, G . I. Tu ylor in 1938 showed that 
each one is a Fourier transform of the other. Kn ow-
ledge of the variation of one function may thus he 
determined from th~/var.~tion in the other. Thus, 
E = 4u •- R cos 2rrnt dt 
n t 
0 
* Actua lly E on is the energy between n and 
n +on. n 
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As Hinze* notes, only one of these functions needs 
to be determined to know all that they tell us about 
the nature of the turbulence, but actual ly neither is 
free from inaccuracies. Thus, "it is better to con-
sider the relation between spectrum and corre lation 
functions merely as welcome means of checking the 
expe rimental determi nation of both." Such veri-
fication has been indicated by severa l researchers . 
The equation indicated for the curve in Figure 4 is 
that derived from the correlat ion function curve 
approx imated by the exponential function,"'* i.e., 
R ,.._,e -ox/L. It is found to fit the experimental 
data quite well, thus checking the relation between 
spectrum and corre lation. 
Spectrum presentations of turbulence infor-
mation permit one to consider how the energy of 
the turbulence is distributed among the various eddy 
sizes. Since the lower frequencies indicate the 
large eddies, or sca les, and vice versa, inspec-
tion of Figure 4 indicates that much of the energy is 
associated with the large eddies (i. e., the macro-
scopic or integral-sca le size) . Above some fre-
quency or below some size the energy is seen to 
drop off very rapidly with increase in frequency 
and decrease in size or scale. A flow of energy 
from one degree of freedom to another is indicated; 
in fact, from the large to the sma ll e ddies. The 
small scale components lose energy via the action 
of viscosity much faster than the large ones. The 
action of th e non-linear inertia terms in the equa -
tions of motion have been shown to be responsible 
for the transfer of energy from the large scale 
motions, in which form it is extracted from the 
mean flow, to the small scale mot10ns where it is 
dissipated . 
The rate of turbulent energy dissipation has 
been shown to be simply related to the quantities 
already defined . In isotropic turbulence, the energy 
in the turbulence is 
' - p ( ,2 + ,2 + ,2) - 3 ,2 e - 2 u v w - 2 pu 
and the rate of dissipation per unit volume is found 
to be 
_ e _ LI _ U d ' mP '2 
<j> - dt - 15 v 11X) - 15v ( T) (7) 
where v is the fluid kinematic viscosity (ft. 2 /sec.). 
In more general anisotropic turbulence, e' is rep-
resented only by the first expression above and the 
( 
8 u. ) 2 
dissipation function <j> involves six d. terms. 
J 
Howeve r, the same type of relation -- as indicated 
* 
•• 
J. 0. Hinze, Turbulence. New York. McGraw-
Hill Book Co., 1959, p. 60. 
See H. L. Dryden , Proceedings 5th International 
Congress of Applied Mechanic s, 1938, p. 362. 
above for the isotropic case -- may be inferred 
with the constant 15 replaced by an unspecified 
factor, 
(8) 
The divergence of the value of K from the 
isotropic value of 15 is an indication of anistropic 
effects. Since the dissipation is associated with the 
fine scale motions and these a re thought to be near-
ly isotropic , no great divergence is expected. Near 
the center of a pipe or c hannel K is about 15, if 
the intensity is taken as the average of the three 
components. Using u' on ly, Laufer in 1950 found 
K = 17 in this region. Nearer the wa ll and in other 
shear flow cases the value of K is higher. Thus 
in the flat-plate boundary layer Klebanoff in 1954 
found an awrage value of 32 to apply. In homolo-
gous turbulence (plane Couette flow) preliminary 
measurements indicate values in the range 14 to 28, 
or an average value of around 20. The turbulent 
microscale is found to be more or less constant, at 
least in air, (about 0. 01 feet) implying that the size 
of the eddies associated with dissipation is roughly 
a constant. The variation in turbulent energy dis-
sipation over a flow field thus appears to be roughly 
proportional to it s in tensity. 
IV. ORIGIN AND PRODUCTION 
OF TURBULENCE 
Consideration of turbulence production gives 
valuable insight into its nature. From the discus-
sions just co c uded it appears that, roughly, the 
dissipation of .urbulence is proportional to its in-
tensity . The strong variation in turbulence inten-
sity noted in shear flows must therefore originate 
in the production phases. Ene rgy is continually ex-
tracted from the mean now, as represented by u. 
In a pipe or cnnJu1t this energy comes from the 
favorable press ure gradient; in "imple flow past a 
wa ll or boundary it results in a thickening of the 
lower -energy* region known as the boundary layer. 
For the simple case of the flat plate** boundary 
layer the ra.te of growth of a quantity, termed the 
energy thickness and representing the deficiency in 
flow energy, is given by the r e lation 
d 6 /Y >5 _ du du 
-3 e _ (-uv + v-) -dy, (9) 
u l dX - 2 dy dy 
0 
where u1 is the mean velocity uutside the boundary 
layer, and the energy trickncss is defined a~ 
* 
** 
of kinetic energy less than in the free stream 
outside the laye r . . . 
Conventionally a flat plate is not only a plane 
surface but also one along which fluid flows with-
ou t pressure gradient. 
' 
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Figure 5 .. Cross-stream Variation in Direct Dissipation and Turbulence Prod1Jc:t t0n T e rms (Proceedings 
American Society of Civil Engineers , Vol. 83 (1958), paper 1393). 
The above equation for the rate of extractio1 . 
of mean-flow energy indicates that some of it goes 
directly into heat ( the second term in equation 9) 
through the action of viscosity, hut most of it gue» 
into turbulence through the action of the Reynolds 
shear stress on the mean ve locit y gradient (i.e., 
as uv ~~ ). This turbulence is dissipated into hea t 
as indicated by the relations already presented. As 
an integral equation only the average conditions a-
cross the flow are indicated. In detail there may 
be considerable flux of energy across the flow and 
between the several turbulence components. As 
indicated in Figure 5 for two boundary layer flows, 
the local direct dissipation of mean-flow energy in-
to heat 
du 2 <!>- = v( - ) 
u dy 
is negligibly small except very near the bounding 
wall, where viscous forces predominate. In the flat-
plate boundary layer case, as the distance y from 
the \\all is rncreasu.l !he rurbLilc1•c<:> produc tion (from 
the mean flo\1) 
Pr -du UY (]\ 
d<-Lreases slu\1 ly fr rn11 J pl ak value ne~1 r the wall. 
T11e peak rate of turbulence production appears at a 
\1all distance Ii ;: l 2v/ u kno\1 n as the viscous 
V T 
film or sub layer* thickness. This represents the 
point at which the viscous forces or stresses arc 
the same order of magnitude as the turbulent ones. 
Inside this very small distance, the viscous forces 
predominate over th e turbulent ones, while outside 
the rever sv is true. At fi rs t glance it is surprising 
that the gre;itest transfe r of energy from the mean 
flow to turbulence in neg ligible pressure gradient 
flows (pipes, channels with fully developed flows 
and flat-plate bounda ry layer) occurs at the edge of 
this region. But this ts the locale of the largest 
mean velocity gradient and turbulent shear, as will 
.. The appelat1on "laminar" ::.ublayer used by mos t 
authors is inappropriate and " viscous" is to be 
preferred . The factor u is ./T / p where T 
is the wall shear stress. T w " 
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Figure 6. Turbulence Intensity Variations. (Pro-
ceedrngs of the American Society of Civil Engmeers, 
Vol. 83 (1958), paper 1393) 
appea r in later sections of this presentation. In 
flows in which strong stream-wise variations in 
mean velocity and shear stress occur, as indicated 
by the adverse-pressure-gradient results, a second 
much higher peak in the turbulence production occurs 
relative ly far from the wall. The very-near-wall' 
conditions appear about the same, however, and the 
mean-flow dissipation is still negligible at most wall 
distances. 
Detailed presentation of the history of the tur -
bulence energy in shear flows is beyond the scope 
ot this discussion. However, a brief summary of 
the significant occurrances will be attempted. It 
has already been noted that the turbulence dissipation 
is associated with the fine-scale motions (smallest 
eddies and highest frequencies), while its production 
is associated with the large sca le motions, i. c., the 
large eddies. Furd1er consideration of the equations 
indicating the turbulence production leads to the sur-
prising conclusion that the turbulence is initially 
produced as a !.!. fluctuation and only enters into the 
~ and ~ fluctuations via pressure correlation tl'rms 
(Qe_, etc.). Conceptually , the mechanism of this 
transfer toward isotropy, via pressure fluctuations , 
is as follows: the,\!.. fluctuations are produced ·by the 
action of the turbulent shear uv on the lateral mean-
velocity gradient du/dy. Due to Bernoulli type re-
lations, pressure fluctuations resu lt from u fluc-
tuations. These, similarly but rn reverse f~shion, 
produce y_ and "!!,,. fluctua1 ions. This helps explain 
the strongly anisotropic nature of the turbulence near 
the wall,. where tt1e production rate is quite high. 
As seen in Figure 6, for flat plate and pipe flows the 
value of u' or the r. m. s. value of me u fluctuation 
i~ found to peak at the edge of the viscou"i film, while 
v is much less at this point and has no such peak. 
As the center of the conduit or the outer (away from 
the wa ll) region of the boundary layer is approached, 
the turbulence is found to approach isotropy. 
Returning to the turbulence energy as an e ntity 
rather than as several components, there still re-
mains the consideration of the history of this tur-
bulence from the time and loca le of its production 
to those of its eventual dissipation into heat via 
viscous action . As has been inferred earlier this 
is not necessarily a direct occurrence. In iso-
tropic turbulence the production and dissipation 
are approximately zero, or if finite they occur at 
the same place. In homologous turbulence the 
, production of turbulence energy at a point is bal-
anced by its dissipation at that point. Temporaly 
of course, the turbulence must exist for a while 
so that this statement has on ly to do with the trans-
verse position of the turbulence. The turbulence 
energy is produced at some wall distance y, floats 
down the stream and is dissipated into heat at this 
same wall distance. In nonhomogeneous, and hence 
anisotropic, shear flows the turbulence energy may 
be produced at one wal l distance and dissipated at 
another. 
Consideration of the pertinent equations charac-
terizing the details of turbulence behavior indicates 
that between production and dissipation to heat the 
turbulence energy may be transported laterally by 
tour d1flerent actions. These are : 
a. convec tion (Townsend terms this advec-
tion) by th e mean motion, 
b. convection or diffusion by the turbulent 
motions, 
c. transfer by work of the fluctuating pres-
sure gradients, 
d. diffusion or transport by viscous forces. 
Since these are not a ll of like sense and are diffi-
cult of measurement (the pertinent pressure cor-
relations for (c) have only been recently measured) 
the general trends of the turbulent energy movement 
arc not well defined. The transfer effects are sig· 
n1f1cant and it appears that in th e pipe and flat-plate 
boundary layer cases the turbulence energy under-
goes an outward flux from the wall region. The 
turbulence level in the outer two-thirds of the flow 
is maintained by lateral transport (d) wh ile in the 
inner (near wall ) half of tbe flow there is the boun -
uary-layer observation by Klebanoff (1954) that 85 
percent of the total energy dissipation occurs very 
near the all (i. c. for u y/v<30). A similar sit-
uation occurs in pipe fldw. 
V . TURBULENCE STRUCTURE 
IN SOME TYPICAL FLOWS 
The variation in the turbulence structure behind 
grids 111 air tunnels and in two shear-flow cases 
will be briefly summarized at this point. In the 
first case the turbulence is isotropic so that di 
that is needed ts rnformation on the variation in in-
tensity and scale with distance downstream of the 
grid. Typical experimental results are presented 
in Figures 7 and 8. The wake structure (vortex 
3xl04 
2 
l 
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Figure 7. Isotropic Turbulence Decay (from Bat-
c helor & Townsend, Proceedings of Royal Society 
of London, Vol. A 193) 
streets) behind the individual bars of the grid or 
mesh disappear and the isotropic structure is found 
after 15 or 20 times the mesh (bar spacing in grid) 
distance behind the grid. For about the next 200 
mesh distances the intensity of the turbulence de-
creases inversely with the square root of the dis-
tance, or stated differently the turbulence energy 
e' decays and varies inversely with distance or 
- x-x 
time. The turbulence decay law is(~ )2 = aM0 
where x represents the virtual origin of the tur-
bulence Rnd M the mesh of the grid producing the 
turbulence. The factor a depends upon the type of 
grid used; for biplane grids Batchelor and Townsend* 
found a = 106/CD' while for single rows of cylinders 
about half this value, and for a single row of slats 
about 85 percent . The size of eddies increases 
since the integral or macroscale is seen to be pro-
portional to the square root of the distance. As 
might be expected the large eddies are porportional 
to the mesh of the grid producing the turbulence. 
The microscale increases with the square root of 
the distance in accord with a relation specified by 
the kinematic viscosity and the mean velocity. 
After some 200 mesh distances the character 
of grid turbulence begins to change from that noted 
for the so-called initial period. A final period oc-
curs, after about 450 mesh lengths, in which the 
turbulent energy varies with the -5/2 power of time 
• Proceedings Royal Society of London, Vol. Al93 
(1948), p. 569, and Vol. Al94 (1948), p. 527. 
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Figure 8. Scale Changes During Initial Period of 
Isotropic Turbulence Decay (from Batchelor and 
Townsend, Proceedings Royal Society of London, 
Vol. Al93) 
and distance rather than the -1 power as in the 
initial period. In the final period most of the e nergy 
resides in the large eddies, as might be inferred -
from the indicated increase in L with distance. 
One peculiar feature of the turbulence in the final 
period is that it appea·n :oti'ongly anisotropic. This 
presumably means that the large eddies, which did 
not decay rapidly, were produced by the grids in an 
anisotropic condition and remained essentially that 
way as the other, more isotropic, turbulence de-
cayed. In the final period the microscale or di~si­
pation length increase s at a slower rate, i.e. ,\ 
varies as 4vx/u rather than !Ovx/u as in the ini-
tial period. 
The most commonly ::,t udied shear-flow tur-
bulence case is the fully developed conduit or flat-
plate boundary-layer flow. Except for one inter-
esting feature of the later flow the turbulence ::.truc-
tures in these situations a re the same.* They will 
therefore be discussed together following a note as 
to their differing feature. 
For many decades fluid mechanicians treated 
boundary layer and conduit flows as being inter-
changeable. Thus in the early 1930's ** von Karman 
derived a logarithmic relation for the velocity pro-
file and skin friction in a turbulent boundary layer 
growing along a flat plate, on the assumption that 
the flow in it was similar to pipe flow. The boun-
dary layer thickness IS was assumed to be equiva-
lent to the pipe radius b = D/2. The logic of this 
assumption is apparent in elementary presen tations 
of the laminar-viscous boundary layer in which the 
• See G. B. Schubauer, Journal of Applied Physics, 
Vol. 25 (1954), pp. 188-196. 
** Even earlier (1920) Prandtl and von Karman ap-
plied the l/7th power law velocity profile (ob-
served in pipes) to the flat-plate boundary layer, 
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Figure 9. Intermittent Characterization of Outer 
Edge of Turbulent &mndary- Layer Flow 
velocity profile is shown to be closely parabolic, 
exactly what it is in the pipe (i.e. Poiseuille) flow. 
Comparison with experimental observations of tur-
bulent boundary-layer flows indicated discrepancies 
with the pipe assumption even for flat-plate flows. 
These were not explained until the intermittent 
nature of the -flow in the bounding region between 
fully turbulent motion and the undisturbed fluid out-
side the layer was observed. 
lntermittency was first reported by Corrsin 
(circa 1943) at the outer edges of jets. The flow in 
a bounding region of some width was seen to be tur-
bulent part of the time and turbulence-free the rest 
of the time. Quantitative characterization is via the 
intermittancy factor, defined as the fraction of time 
that the flow is fully turbulent. Experimental indi-
cations in the boundary layer are that this is unity 
for y/& values less than 0. 4, reaches a value one-
half at y/& = 0. 78 or 0. 80 and is almost zero at 
1. 2 times the boundary-layer thickness. The nature 
of the flow in this intermittent region as well as the 
variation in the intermittency factor is indicated in 
Figure 9. 
Schubauer in 1954 showed that the turbulence 
characteristics of boundary-layer (flat plate) flows 
agreed with those found in pipes if the former were 
divided by the intermittency factor, i.e. when ac-
count is taken of the fraction of time that the outer 
region of the boundary layer is actually turbulent. 
_,s for the mean flow characteristics, the velocity 
profile and shear-stress variations differ between 
pipe or channel and boundary-layer flows. The sit-
uation for the shear stress is indicated in Figure 10. 
The differences in the away-from-the wall region 
are probably due to intermittency, those near the 
wall are associated with the small but sometimes 
significant pressure gradient which occurs in conduit 
flows. Differences in the mean velocity profile are 
also significant but not great. They are evidenced 
in the different constants applicable to the core (see 
Table 2). 
1. 0 
T / T 
w 
0. 5 
0 
2b = diameter or 
wall spacing. 
& = B. L. thickness 
y/b , y/& 
Figure 10. Shear Stress Variation Across Pipe 
and Boundary Layer 
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Figure 11. Mean Velocity and Turbulence Intensity 
The general variation of turbulence intensities 
in turbulent boundary-layer, channel, or pipe flow 
is indicated in Figure 11. The third intensity com-
ponent w', although not shown, reaches values mid-
way between the other two, but with no near-the-
wall peak. Determination of the ·turbulence scale 
in these flows has not been as extensively reported. * 
The more easily determined microscale ;>,, , appears 
to be of the order of 0. 01 feet in air, even ~or ad-
verse pressure gradient flows (Robertson and Cale-
huff 1957), while in a channel Laufer (1951) found 
* Somewhat more extensive scale data is available 
than has been reported herein. The general 
references (see end of this report) consulted do 
do not contain all of data and not all the original 
sources have been checked. 
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Figure 12. Jet Mean-F low Pattern 
it to vary from 0 . 01 ft. near the wall to 0. 022 ft. 
near the center of the channel. The integral scale 
increases more definitely with distance from the 
wall. In the .region away from the wall the lateral 
and longitudinal scales are not equal, indicating 
large elongated eddies of lateral dimension one 
quarter to one-half the pipe radius. 
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Figure 13. Axial Variation in Turbulence and Mean 
Velocity in Round Jet (from Corrsin and Uberoi, 
National Advisory Comm ittee for Aeronautics, 
Technical Note 1865, 1949) 
T he second case of shear flow turbulence to be 
presented briefly is that associated with the intru-
sion of a jet into an otherwise still fluid. As dia-
grammed in Figure 12 the jet from a circular ori-
fice or nozzle commences with a central core of 
undisturbed fluid bounded by turbu lent mixing re-
gions which spread and eat into it. These coalesce 
in some four or five diamete rs and, after a transi-
tion zone, a flow of similar ve locity profiles occurs 
(after x/d of 10 to 20) in which the profile is close -
ly expressed as the error func t ion. The je t width 
increases linearly with distance from a virtual ori-
gin (at x = 0 to lOd), while the maximum velocity 
decreases with the inve rse square of this distance . 
The longitudinal or axial variation in the significant 
quantities is indicated in Figure 13. The radial 
variation in turbulence is similar at various stations 
and is depicted in Figure 14 for the region of similar 
velocity profiles (x/d > 20). The intensities are 
seen to have peak values at the axis and drop off 
rapidly towards the edge of the jet. 
For circular jet flows, the turbulence macro-
scale is found to be roughly constant in the trans-
verse or radial direction and to increase linearly 
with axial distance (L = 0. 065x), while the micro-
scale is found to incrlase as the square root of the 
axial distance . The longitudina l macroscale is 
found to be about five times the transverse one, thus 
indicating eddies elongated in the flow direction , as 
has been noted for other shear flows . Just as in the 
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Figure 14. Radial Variation in Turbulence Shear 
and Intensity in Jet (from Corrsin, National Advisory 
Committee for Aeronautics, Report W94, 1943) 
case of the outer regions of wakes and boundary 
layers, intermittency occurs along the sides of the 
jet as indicated in Figure 12; the intermittency 
factor has a value of about unity at the radial lo-
cation where the velocity is half the maximum (0. 50 
isovel in Figure 12) . 
V I. TURBULENCE MODELS 
FOR MEAN - FLOW PROBLEMS 
It should be apparent from the preceeding dis-
cussions and presentat10ns, that there is still much 
we don't know about the nature of turbulent flows. 
Many technological situations occur in which solu-
tions are required for mean -flow problems - - the 
velocity distributions and head loss or frictional 
relations being the usual desiderata. The statis-
tical theory of turbulence, although yielding insight 
into the nature of turbulent motions, is unable to 
give such mean-flow solutions. Pragmatically one 
must therefore resort entirely to empiricism or 
develop some simple yet workable models of tur-
bulence which do permit mean-flow solutions. 
Several such models have been introduced -- Bous-
sinesq's eddy viscosity (1877), Prandtl's mixing 
length and momentum transfer (1924), Taylor's 
vorticity transfer (1932), and von Karman 's sim-
ilarity (1930, 1937) -- with varying degrees of suit-
ability to the problem at hand as well as others not 
originally contemplated. 
As in the case of phenomenological or behavior-
istic models used to aid the description and analysis 
of other physical problems, these turbulence models 
are not completely realistic in describing the oc -
currences. They are simplified models and the 
behavior assumed is not really measurable in the 
flow . For this reason the turbulence experts look 
askance at these and it is true that if used too re-
ligiously or in unusual situations they may be mis-
leading. One feature of the model approach is that, 
at best, only the form of the mean-flow solution is 
obtained and one or more coefficients always re-
main to be obtained empirically via comparison 
with experimental results. 
Perhaps the most usable phenomenological 
model for turbulence is the momentum -transfer, 
mixing-length model of L. Pranatl. This will be 
the only one presented here, since it has led to 
many practical solutions and is relatively easily 
understood. Consider a flow in the x direction 
with a lateral velocity gradient u = func (y). A 
fluid element or lump, considered for the moment 
to retain its entity without diffusing,has a mean 
velocity u1 at point l in Figure 15. At some in-
stant a lateral turbulence fluctuation v appears to 
transport this lump laterally some distance. It is 
assumed that the lump moves a lateral distance 
i - - the mixing length - - before it loses its identity 
and acquires that of the fluid at point 2. Considering 
the new point, where the lump is to stop and mingle 
with the ambient fluid, the mean velocity there is 
- - du 
u2 = u 1 + fay . The lump, however, arrives at 
point 2 with the instantaneous x-component velocity 
that it started with, i.e. u 1. Its arrival hence in-troduces a longitudinal turbulence fluctuation . 
u = -£du 
~ dy 
The longitudinal and lateral turbulence velocity com-
ponents u and y__ are thus negatively correlated in 
a lateral~elocity gradient (cf. Figure 2) . This 
discontinuous model of turbulence fluctuations is 
analogous to the molecular motions considered in 
the kinetic theory of gases, with the mixing length 
analogous to the mean free path. Although the real 
fluctuation process is continuous, this model is still 
usable. It leads to an understanding of the process 
by which turbulence in a mean -velocity-gradient 
y 
u = -
-
----------------- x 
£du 
dy 
Figure 15 . Turbulence Mixing Length and Velocity 
Fluctuations 
.. 
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Table 2 
Mean-Flow Solutions Via Mixing -Length Model 
Shear Stress 
Mixing Length 
Linear 
T,-..·(b-y) 
Linear Wall region of bound . layer 
and pipe. 
U yuT 
u = 5.6(1+ log -y) (11) 
T 
(Prandtl 1925, 1930) 
Constant Core region of plane Couette 
flow. 
Core region of pipes, 
channels and bound. 
layer. £ = L 
1-~ = 4. lt-+(1- t> (13) ( 12) 
(Robertson, 1959) Pipe and Channel D = 5.1 ./C/2 
F. P. Bound. Layer 
D = 8. 4 f C/2 
A. P.G. Bound . Layer 
D = 0. 3 to 1. 3 
(Prandtl 1925; Ross 1953) 
T w = wall shear stress, u 1 = umax. or velocity midway between walls (Couette flow). 
2b =wall spacing; for core law in pipes and channels replace & by b. 
u = /7 = u /C72 
T Y wjp I f 
flow oroc.u.ces shear stresses, via lateral mo men -
tum transfer, just as in the kinetic theory of gases 
the similar model leads to an explanation for viscous 
shear stresses resulting from molecular diffusion. 
The Reynolds stress indicates the relation be-
tween shear stress and the turbulence fluctuations 
T 1 = -p UV yx 
Assuming x_ to be proportiona l to u and absorbing 
the proportionality factor into £, o~ may write 
T yx ; I du I ( du ). (lO) dy dy 
All that is now required to obtain the mean-velocity 
solution u = func (y) is the variation in shear stress 
and mixing length. This may seem like quite a lot 
remaining yet to be specified, but actually consid-
erable progress towards the solution has been made. 
The shear stress variation in the lateral direction, 
i.e. with y, is relatively simple (cf. Fig. 10) in 
many flows, while simple relations for the mi;~ing 
length variation may be postulated on a rational 
basis. Prandtl' s equation may thus be integrated 
to yield the desired relation, at least in certain 
cases. 
Solution for the mean-velocity profile have been 
found by integration in three cases which are appli-
cable to a wide variety of practical flow problems. 
Inspection of the shear stress curves of Figure 10 
indicates a considerable region -- the core or away-
from-the-wall region -- in which the shear stress 
varies linearly with distance from the wal l. For 
adverse-pressure-gradient boundary layers such a 
linear shear-stress variation has been shown to be 
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Figure 16. Wall-Law Velocity Variations 
characteristic of the core region.* On the other 
hand, near the wall in the flat-plate boundary layer 
the shear stress is essentially a constant while in 
pipe, channel, and other boundary-layer flows it 
does not vary greatly in the near-wall region. 
Therefore from the shear stress standpoint, two 
distinct regions are noted - - a wall region with 
effectively-constant shear stress, and a more ex-
tensive core region of linear shear-stress vari-
ation. The situation is less specific for the mixing 
length, since this is hardly a directly measurable 
quantity . However the same two regions are iden-
tified. In the wall region, it is logical to assume 
that the size of the eddies (i. e. the mixing length) 
increases directly with y, the distance from the 
wall, and there is some evidence to justify this 
assumption.. In the core region, the mixing length 
seems to be roughly a constant as for the macro-
scale in jet flows. The assumptions relevant to 
the solution of Prandtl' s equation in these two re-
gions are indicated in Table 2, with mention of the 
actual flows· ,in which such assumptions apply . One 
additional case is included, that is which the shear 
stress and mixing length are both constant. As 
noted this is appropriate to the core region of plane 
Couette flow. 
The mean-velocity profile distributions pre -
dieted from these mixing length analyses are in-
dicated in this table. The first of these, currently 
termed the "law of the wall," has been well veri-
fied and is rather well accepted. It appears to be 
applicable in most flows, no matter what the outer 
or core flow is doing, for a region extending out 
from the wall some ten or fifteen percent of the 
boundary-layer thickness or pipe radius. Figure 
* cf. Journal of Applied Physics, Vol. 21 ( 1950), 
pp. 557-561. 
~ . .,. --- ---------
16 indicates the near-wall velocity variations found 
for several kinds of flows. * Right near the wall, 
this logarithmic profile relation is replaced by a 
linear one in the thin film where the viscous forces 
predominate over the turbulent ones . This viscous 
film, more usually termed the laminar sublayer 
although this is not quite the right name for it, has 
thickness & of about ll.6v/u as has been indi-
cated in Fig~res 5 and 6. T 
The solution for the core region of pipe, chan-
nel, and boundary-layer flows is not as well accepted 
but does appear to yield a useful and technically 
adequate indication of the velocity variation . The 
predictions for the velocity profile in adverse pres-
sure gradient flows is shown in Figure 17. The 
wall and core solutions also form a suitable basis 
for correlating of the friction and wall shear-
stresses in these turbulent flows. 
Prediction of mean velocity profiles for jet 
flows may also be based on the mixing-length mo-
mentum-transfer model. Thus, following Prandtl, 
Tollmien in 1926 assumed that the mixing length 
is constant radially (as is the integral scale) and 
is proportional to the width of the mixing zone; and 
hence it varies linearly with axial distance . The 
solution is not as straightforward as those outlined 
above. 
* This figure represents merely a verification of 
the form of the wall law. The skin -friction co-
efficients Cf are very difficult of direct meas-
ureme.nt .. As for the flows shown, Cf is best 
found indirectly by the closest fit between the 
experimental data and the analytical expression 
for the wall law. This represents a reliable 
useful technique for experimental determination 
of cf. 
1. 0 
0.8 
0.6 
0.4 
0.2 
0 
il;u 1 =il/u max 
Figure 17. Adverse Pressure Gradient Boundary 
Layer V.elocity Profiles (from Transactions Amer-
ican Society of Mechanical Engineers, Vol. 82, 
p. 209) 
V II. SOME VE LOC IT Y PRO FI L E 
CH A RA C TE R IZAT 10 N S 
In analyzing turbulent flows certain mean flow 
parameters characterizing the velocity profile are 
of interest and information on these is not always 
available. This section of the turbulence· discussion 
attempts to fill this void for simple flows. 
The temporal-mean velocity-profile solutions 
just indicated may be used as the basis for predic-
tions of the variations of pertinent factors in tur-
bulent flow. Thus, for conduit and flat plate bo1m-
dary-layer flows, in the early 1930's von Karrr.dn's 
"similarity" and Prandtl's "mixing length" theories 
were taken to predict a "universal" (i.e., extending 
clear across the flow from Ii to Ii or b) velocity-
profile relation which still awears in many texts. 
For the last decade, however, evidence of the need 
for separate consideration of the wall and away-
from-the-wall regions (as indicated by the separate 
solutions in the last section, Equations 11 and 12 of 
Table 2) has been apparent. The universal results 
were valuable in permitting prediction of expected 
relations between important mean-flow factors, al-
though adjustment in constants was necessary to 
permit agreement with experiments. Thus, the 
relation between pipe friction factor f and pipe 
Reynolds number 1Rd in smooth pipes is 
1 
= 2 log ( Rd ff) -0. 8 
If 
(14) 
Turbulent boundary-layer predictions on the as-
sumption that Ii correspond to b = d/2 were also 
reasonably successful for the skin-friction coeffi-
cient but with differently adjusted constants. 
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As implied by the preceding discussions the 
detailed fit of the "universal" profile to pipe flows 
is not good while its fit to flat-plate boundary-layer 
flows is much poorer, as a result of the influence 
of intermittency. As a technically useful charac-
terization of the velocity profile we have the shape 
parameter 
H= Ii* 
! -(1 -~ )dy o ul 
(15) 
On the basis of the universal law one finds 
H = ___ l_ but, as shown in Figure 18, this 
1 - 3. 5 f cf 
yields too smail a result.* For correlating boun-
dary-layer fie 1s a Reynolds number 1R 8 based on the momentl,Jm thickness 8 (an integral measure 
of the boundary-layer thickness, defined as the 
denominator in Equation 15) is found to be most ap-
propriate. In fact, use of this parameter seems to 
circumvent many of the differences between pipe, 
two-dimensionai channel, and flat-plate boundary-
layer flows. Figure 18** thus indicates the observed 
variation in the shape parameter H with various 
flows of these types. Although there is some scat-
ter, R8 is seen to be a suitable scaling parameter for both two-dimensional flows: those in which the 
pressure gradient is zero (flat-plate boundary layer) 
and those in which it is finite but has negligible in-
fluence on the profile (fully-developed conduit flows). 
* 
** 
Two other velocity-profile shape parameters 
An even poorer indication is that of the power 
law u = Cyl/7 which was used as the first es-
timate of turbulent boundary-layer flows in ex-
tension of its more successful employment in 
pipes. 
This figure is similar to one presented ·by D. 
Ross in 1953, but includes much more data 
from various flows. The assistance of Mr. ] . 
D. Martin in these calculations is gratefully ac-
knowledged. Mr. M. Stevenson obligingly sent 
the author numerical data on his traverses. 
Data sources are: ]. Laufer, Journal Aeronau-
tical Science, 1950 and NACA Report 1053; F. 
Page, W. H. Corcoran, W. G. Schlinger, and 
B. H. Sage, Industrial and Engineering Chem-
istry, Vol. 44 (1952); M. Stevenson, University 
of Maryland, Institute for Fluid Dynamics and 
Applied Mathematics, Technical Note BN-147 
(1958). 
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are encountered in turbulent flow analyses and are 
hence recorded here. These involve one more in-
tegral thickness -- the energy thickness Ii already 
introduced - - and the apparent (or disturblnce) 
thickness Ii. This latter is conventionally defined 
as the lateral y-distance where u/ul reaches a 
value of 0. 99. For fully-developed pipe and chan-
nel flows it is merely half the diameter or wall 
spacing. These two thicknesses are taken in ratio 
to the momentum thickness to define the final two 
parameters, 
Ii G=-e , 
Ii 
K = e 
e 
Evaluation of G and K has been less common 
than H but the limited information which the au-
thor has been able to collect or calculate from a-
vailable traverses is presented in Figure 19. The 
rectangular channel data presented here and in 
Figure 18 is based on data from numerous "two-
dimens10nal" channel tests. The channel data on 
H and K are seen to agree well with the pipe and 
boundary-layer data. Significant differences ap-
pear for G between the several flows, as might 
be expected. The universal law prediction for G 
is again seen to be poor, except possibly for chan-
nel flows. 
Also included in Figure 19, to complete this 
assemblage of flow characterization information, 
is a plot of the local skin-friction coefficient Cf 
as a function of I}{ from two rather well-accepted 
sources. The linelby D. Ross is based on a care-
ful reanalysis* of J. Nikuradse's thorough study of 
fully-developed flow in smooth pipes. Ross also 
showed this line to agree well with flat-plate boun-
dary-layer results, as is apparent from its prox-
imity to the line established by D. Coles from 
boundary-layer data. 
When flows, such as discussed in this section, 
are subjected to adverse (rising in ilow direction) 
pressure gradients the friction and profile shapes 
are changed. A turbulence primer being hardly 
the place to delve into such complexities, we mere-
ly note that H increases while Cf and G decrease. 
Adverse pressure-gradient flows, if carried far 
enough, usually terminate with separation of the 
flow from the boundary; at such a point H may 
reach a value of 3 or 3. 5 and Cf becomes zero. 
One method of analyzing such flow problems in -
volves the D parameter of Equation 12 (away-
from-the-wall law) and this parameter increases 
from normal values of about 0 . 3 to about l. 3 at sep-
aration. The general nature of the associated 
changes which occur in the velocity profiles are 
indicated in Figures 16 and 17. 
* Proceedings of the Third Midwest Conference on 
Fluid Dynamics, University of Minnesota, 1953. 
VIII. TU RB ULENCE A S A T RA NS PO RT 
MECHAN ISM 
Just as in laminar-viscous motions, where the 
molecular activity not only makes itself felt as the 
viscosity in producing a shear but also as a mechan-
ism to transfer (diffuse) heat, mass, and energy, 
turbulence similarly acts as a transport mechanism. 
Thus in many processes, turbulence acquires a 
significance beyond that of merely specifying the 
velocity profile and friction relations. 
Analogous to the molecular transfer relations, 
which may be termed Ne.wton' s, Fourier's, and 
Fick's laws, we have the following relations for 
the turbulent transfer of momentum, heat and mass: 
T -N~ (p u) yx dy 
qy -K ~( T) dy 
c )) ~( c) y dy 
In these relations q is the rate of heat flow in the 
y direction, T is tire temperature, c is the time y 
rate of diffusion in the y direction and C is the 
mass concentration per unit volume (as the number 
of some particular molecules or particles). Here 
N is the (turbulent) eddy viscosity - - or v £ from 
the mixing-length model - and K and D are the 
turbulent (or eddy) thermal conductivity and oilfu-
sion coefficient. The mixing-length model suggests 
that these eddy-transport coefficients are simply 
related by the dimensionless parameters 
s = ~ 
turb D l 
C N 
IP = P 
turb pr 
where S and IP are the Schmidt and Prandtl num-
bers and C is the fluid specific heat. Somewhat p 
limited experiments have indicated that for particles 
in water sturb = l and for gasses in air streams 
it is about 0. 6, while for heat transfer in air P b 
is 0. 7 to 0. 8. Taylor's vorticity transfer theor\Vr 
has resulted in somewhat better heat transfer cor-
relations. 
IX. D I FFUSION I N TURBULENT F LOW S 
One final facet of turbulent flow discussed in 
this primer indicates an application of basic turbu-
lence theory to a problem of some practical import. 
This is in the matter of diffusion of materia l in 
turbulently flowing fluids. Not only do such problems 
arise in many areas but turbulent diffusion has also 
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Figure 20. Lateral Spread of Materials. 
been employed as technique for studying the struc-
ture of turbulence * in shear flows. The basic 
nature of turbulence diffusion in theory and exper-
ience is briefly e lucidated . 
When some observable, or tagged, particles 
or fluid elements are released from a point in a 
turbulent stream, they will spread or diffuse lat-
erally due to the action of turbulence as they are 
carried a long. Observation of the passage of a 
considerable ensemble of such particles at down -
stream stations yield distributions such as indi-
cated in Figure 20. E xperimentally these may be 
found as histograms, or bar graphs based on finite 
increments in y, but the general appearance is the 
same and usually the distributions satisfactorily 
approximate the Gaussian relation whose form (for 
_y) is indicated in Figure i.· The standard deviation 
u thus characterizes the spread or diffusion. In 
terms of a mean flow in the x direction (see 
Figure 20) with y the latera l coordinate, the 
variance (u2) of each distribution is calculated as 
-:-Ty = _!. 
N 
for a large number N of pa rt1clc•s ohsc· rved. 
Here y is the mean y courdi1 .«te of the Jistri-
bution aid is zero if there a re no bouyancy. effects 
while x is in the direction oJ tr1e inea11 velocity. 
* cf. G. B. Schubauer, "A Turbulence Indicator 
Utilizing the D iffusion of Heat," NACA Report 
524 0 935) ; T . K . Sherwood, W. L. Towle, R. B. 
Woertz, and L. A . Sedar, three papers on eddy 
diffusion in Industrial and Engineering Chemis-
!.!:Y_, Vol. 3 1 (April, August 1939) ; A. A. Kaliuske 
and J .M. Robertson, " Turbu lence in Open Chan-
nel Flow," Engineering News Record, April 
1941; A.A. Kalinske and C . L. Pien, " Eddy Dif-
fusion" , Industria l and Engineering Chemistry, 
Vo l. 36, (March 1944) . 
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The observed variation in 7 with x is shown hy 
a so l id line in Figure 21. This represents the 
trend line from a considerable number of experi-
ments and is made dimensionless with the aid of 
two parameters to be identified. 
The observations of diffusion of particles from 
a point source in a turbulent stream are in general 
agreement with a 1921 theory, due to G. I. Taylor, 
termed "diffusion by continuous movements." 
Based on the Lagrangian autocorrelation coefficient 
(Equation 3) the mean particle spread rate is 
~ it ~ = 2 v' 2 R dt dt Lt 
0 
( 16) 
The exact form of the correlation coefficient is not 
known , but as noted in an earlier section, it is not 
greatly different from e-t. The re lation (Equation 
16) for the temporal rate of lateral diffusion is 
changed to a spatial variation with the aid of Tay-
lor's hypothesis* so that t is replaced by x/u. 
The nature of the diffusion is easily found for two 
limiting regi0ns. At small distances ( small times) 
R is ol:wiuusly unity and Equation 16 becomes 
2 ,2 v x 
-=z (17 , 
u 
for small x. As a means of determining turbulence 
structure, Equation 17 permits an evaluat10n of v' 
from measured variations in ? with x in a known 
u flow. This technique was first ·employed by G. 
B. Schubauer with heat diffusion (reference given 
earlier in this section) . As the distance (or time) 
becomes large R reaches a zero value and the 
.. cf. discussion preceding Equation 6. 
28 Illinois Engineering Experiment Station 
integra l of Equation 16 is a constant 
/~ dx = x
0 
(18) 
The diffusion equation then appears in the form 
ct? 2v'2xo 
--ax- = -=-z 
u 
for large x. Hence 
2 ,2 
7 v x 0 (x - x
0
) ~
u 
The diffusion coefficient J) of the previous sec-
tion may .be defined in terms of the slope of the 
y 2 curve at large distances, 
· 2 
.D=ilfrE!_) 
2 \ dx 
large x 
2 
v' x 
0 
u 
The diffusion equation for large x is now written 
in normalized form as 
::-:2 -
y u - ( x 7tJX - x 
0 0 
- 1) (19) 
Reference to Figure 21 indicates that after distances 
of about 2x the observed diffusions agree well 
with this prgdictioil. Comparison of Equations 5 
and 18 indicates that x
0 
is an integral length sea le 
of turbulence, hence one can evaluate L from ex-
perimental diffusion studies. 
The d ivergences between experiments for 
intermediate d is ta nces (less than 2x ) and theory 
when R is assumed to fo llow a negafive exponen-
tial relation a r e seen to be not great (Figure 21). 
It is significant that this is the same function for 
R as employed for predicting the spectrum in 
Figure 4. Very often the results for large dis-
tances are of prime importance in predictions of 
the turbulent diffusion of contaminant material in 
a fluid and only J) is required. Of course, tur-
bulent diffusion may be distorted by wall or boun-
dary proximities or buoyant (gravitational) forces 
on the particles. 
X . C LOSURE 
The reader should now be in a position to 
peruse the literature of turbulence with understan-
ding, and he will be better able to consider the im-
port and effects of turbulence in the fluid-dynamics 
problems which he encounters . The true conno-
tation of the term turbulence has been exposed. 
Obviously, in a primer, complete development of 
all the complexities is hardly possible. Further-
more, as study of the following, and much more 
complete, general references will demonstrate, 
our understanding of turbulence is as yet too in -
complete to permit such development even in the 
most advanced books . 
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